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Conjugate gradient filtering of instantaneous normal modes, saddles on the energy landscape,
and diffusion in liquids
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Instantaneous normal mod@siM’s) are calculated during a conjugate-gradié®6) descent of the poten-
tial energylandscape starting from an equilibrium configuration of a liquid or crystal. A small nhumber
(~4) of CG steps removes all the tmw modes in the crystal and leaves the liquid wiiffusive Im— w
which accurately represent the self-diffusion consntonjugate gradient filteringppears to be a promising
method, applicable to any system, of obtaining diffusive modes and facilitating INM the@y Tfe relation
of the CG-step dependent INM quantities to the landscape and its saddles is discussed.
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[. INTRODUCTION goals of nonequilibrium statistical mechanics and opening
the door to new theories and algorithms based upon, e.g.,
For some timd1,2] we have been pursuing the idea that intelligent sampling.

the self-diffusion constarid can be expressed in terms of the  In 1993 we found[6] that Im—w persist in the crystal
imaginary-frequency instantaneous normal modé&iMs);  whereD~0. This has led to several attempts to isoldiie
we are particularly interested in supercooled liquids. Theusivemodes, discarding the effects of anharmonicities and
INMs are the eigenvectors of the Hessian matrix of secondWo-level systems which produce Hw but do not contrib-
derivatives of the potential energywith respect to the mass Ute toD. One approach ifl1] to classify the modes accord-
weighted coordinates for a typical equilibrium configuration.ind to their one dimensional potential energy profil(),
The frequencies»,, are the square roots of the eigenvalues.2Pt@ined by moving the system along the eigenfunction.

Because a liquid configuration is not a minimumtfeigen- There are two types of Imw profiles, double wellsDWs)

directions exist with downward curvature, yielding neg;;ativeargljI thgs\?swgg danshﬁgm;rglcosbhc‘)gldsé?;r? c;'g:tgéo?c?i s(;r_lf?IeS. o
eigenvalues and imaginary frequencies.-lm modes are wetl. viou : Mustv

: modes and nondiffusive anharmonicities, respectively. The
also called unstabldu) anq the fraction(out of all 3N method is somewhat uncertain because the eigenfunction is
modes of unstable modes i§; .

: : . nly calculated once and loses its physical significance after
Our approach is best discussed in terms of the topology of ¢\ displacement. In watéd~f, is [12,13 obeyed

the potential energy surface in the configuration space, thgew well. Ordinarily T, is estimated by fittind(T) to the
[3,4] landscape Stillinger and Weber showef5] how to mode-coupling 7] form D = ¢(T—T,)#; it is the temperature
partition the landscape into the basins of the local minima, okt whichD extrapolates to zero from above, using a carefully
inherent structuregISs); a configuration is mapped to the chosenT range. Sciortino and Tartaglifl2] showed that
basin to which it will drain via steepest descent minimiza-|NM could be used to obtaiff, i.e., f4,(T) also extrapo-
tion. For the(low) T of interest here the same results are|ates to zero af,. More evidence for the relation between
obtained with the more efficient conjugate-gradie®6) al- £, (T) and T, was provided by La Navet al. [13]. It is
gorithm. Diffusion require$3] that the system move among gjgnificant that the static averadig,(T) yields the dynami-
the basins via saddle barriers, which exhilfif Im—w. At g T..

highT such motion is unconstrained. Below a crossover tem-  The DW description is not so successful in other materials
perature, often identified with thgr] mode-coupling tem- byt an extension which accounts for the IS visited along the
peratureT,, inherent structure transitioneecome more dif-  pyy directions[14] looks promising. Recognizing that rota-
ficult. The reasons for the crossover are still being debatedjona| anharmonicities dominate the +w in CS, we [15]
activation and the distribution of barrier heights play a keyintroduced pure translation(TR) modes of the center-of-
role but nonactivated dynamics along low-barrier pathwaysnass Hessian, obtaining a superb description of diffusion.
is also possiblgentropic transpojtat low T. A landscape  The relationD=f, ('), is accurate to within the error in
approach based on sadd[g-10 instead of minima natu- e simulation for 56 supercooled states with a range of

rally includes nonactivated saddle-to-saddle pathways abovfzax in D. The basic INM theory of diffusion is also further
Tc. In any case, paths with downward curvaturelbfare  |ofined in the second article of Ré1L5].

followed and it is plausible that, reflects the extent of IS
transitions, or of saddle transitions, and thexé/Ne have
given [1,6] landscape-based derivations of this relation, al-
beit with many approximations; the most recent arguments
invoke [2] a random energy model. The upshot is that the A unified route to diffusive modes is required. Here we
dynamicalquantityD is expressed in terms ofsdatic equi-  present the method @bnjugate gradient filteringillustrated
librium average quantity,,, meeting one of the fundamental for the unit-density Lennard-Jon¢isJ) liquid but easily ap-

II. CONJUGATE GRADIENT FILTERING

1063-651X/2002/6&)/02612%4)/$20.00 65026125-1 ©2002 The American Physical Society



J. CHOWDHARY AND T. KEYES PHYSICAL REVIEW E65 026125

02 T T T

0.156

0.05

FIG. 2. T dependence df,(n) for n = 0—6 (top to bottom, of
the fractionfy; of Im—w left after the fast drop in the double
exponential fit(upper bold ling, and of the average fraction of
unstable directions at the critical poik) (lower bold line.

eliminated by four CG stepsle regard §;;(T) as the fun-
FIG. 1. The fraction of imaginary frequency modes vs the num-damental INM-derived indicator of diffusioit is obtained
bern of CG steps fo(a) the crystal T = 0.4, 0.8, 1.2, 1.6, 1.7, and  With the recipe that is applicable to any potential or stepwise
1.75 and (b) the supercooled liquidT = 0.4, 0.8, 1.2, 1.6, and minimization algorithm. In the followingf,(4,T) is dis-
2.0, with T increasing from bottom to top. Some data are notcussed only because it is, for this system, an excellent ap-
shown to avoid congestion. proximation tof 4;:(T) which is not subject to the additional
numerical uncertainties of a fit.
plicable to other systems. Simulations are performed with One way to test the proposed relation betwézrand
N=108 atoms for 0.4 T=<2.0 (LJ unit9. The crystal melts filtered INMs is[12,13 by calculation ofT.. Fitting D(T)
at T~1.75. Solidification of the supercooled liquid is fre- in the range 0.& T<2.0 givesT.=0.48. The estimated, is
guent at the loweil with N=108 and when it occurs, we sensitive to the range df employed, which must be chosen
simply terminate the run. so T, is the temperature at whicB would vanish via ex-
Starting with a representative configuration, a CG mini-trapolation of the highef- mechanism. Iff ,(n) represents
mization[16] is initiated and the INMs are calculated as adiffusion, it too should vyield T.. Fitting f,(n)=c[T
function of the numben of CG steps taken, giving rise to a —T."™(n)]#(" for the sameT range, we find thaf"™(n)
family of unstable fractiong,(n,T). The significant obser- increases wittn (Fig. 3, inset as nondiffusive modes are
vation is that, while(nondiffusive Im—w are present in the eliminated. Then dependence is well fit td,'"(n)=0.41
finite-T crystal, they vanisifiFig. 1(a)] very quickly withn, 1 0.06x [1—exp(-0.52 n)],  with T"M(n—)=0.47
being almost completely eliminated after four CG steps. In<T_. Results which are essentially identical are obtained
contrast[Fig. 1(b)], in the supercooled state, following an fgm fuir, T97=0.46, and from four step&"™(4)=0.47.

initial sharp drop, Im-w persist, even at the lowest for ¢ coyrse enough CG steps will remove all thedm and
tens of steps. If nondiffusive Imw in the liquid are any- |a54 to nonsense.

thing like those in the crystal it is clearly suggested that they rqr an INM expression oD (T) over a wideT range the

are eliminated by the first few steps and one should seek gnhopriate relation is betweeiy and the velocity correla-
relation betweerD and f,(n), n~=4. The fractionsf y4,,(n),

fsn(n), and the potentialU(n)) and its gradien{|VU(n)|)
exhibit similar trends, the last two indicating that the first
few steps bring the system down a steep landscape.
Figure 2 showsf(n,T), n=0-6, for the supercooled
liquid. The value ofn employed to represem must include
the sharp drop in nondiffusive Imw but avoid largern
where diffusive modes are removed as well. Of course the
method should not be based upon an arbitrary choice Af
simple, systematic procedure is to fit thedependence of
fu(n) for the supercooled states to a double exponential,
fu(n) = fix exp(—kex n)+fgiex exp(—kgisx ), to account for
fast (f) nondiffusive and slow diffusive decay with. The
coefficient f4;; represents the fraction of diffusive Hw.

cf,or DT

Figure 2 included 4(T) for comparision withf ,(n,T), and
it is seen to lie betweeffiy,(3) andf (4), confirming that
most of the nondiffusive, and few of the diffusive, hw are

FIG. 3. Comparison oD/T (+), 0.34 f4i; (O), 0.375,(4)
(X) (liquid and crystgl and 0.44k) (O). Inset is the CG step
number dependence af'™(n).
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tion time D/T, since they both reach constant values at high
T and constant density. Comparison@fT with fg;;(T) and
fu(4,T) for 0.4<T=<2.0 is given in Fig. 3. Filtering the Im
— w with four CG steps and no “fine tuning” yields an ex-
cellent INM representation of diffusion for aft; f4;:(T) and
f,(4,T) are indistinguishable. This method is not very sensi-
tive to the choice oh, and good proportionality of,(n) to

D exists forn=3,5, and 6 as well. Not only i® well
described, the melting transition as indicated by the filtered
INM is sharp unlike the usudb] INM description.

0.28

0.21 F
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Ill. INM'S AND SADDLES n

A few CG steps bring the system towards the lower en- FIG. 4. Distance of the configuration afteitCG steps from the
ergy part of the landscape and remove most of the nondiffucritical _point asa function of, for T = 0.5, 0.6, 0.8, 1.2, 1.6, and
sive modes. Further insight into the utility of CG filtering 2-0 (T increasing bottom to top
may be gained with a landscape-based understanding of the
minimization algorithm. The minima are extremaaitical ~ order while falling towards the IS. The distanc&(n)
points (CP9 of zero order, but the higher-order CPs, the =V(1/N)|r(n)—r.| then reaches a minimum at intermedi-
saddle barriers, are of interest a[€8—1(. The minima are ate n. Below T;, the IS andr. are identical andsr (n)
the lowest-lying CPs, an{2,6,8—1( the energy increases decays to zero monatonically.
with the orderK, the number of Im w. For T>T, [8-10] Figure 4 showsdr(n) for T=0.5,0.6, 0.8, 1.2, 1.6, and
the system is closer to a saddle than to a minimum. Then, iR.0 averaged over 20 independent configurations. At high
the method of steepest desceltd(n)) exhibits[17] a rapid T (T>0.9), the magnitudes ofVU|, (ws), and(w,) are
drop at smallh, an intermediate plateau, and ultimately falls large, causing rapid approach to the reaction coordinate and
to the constant valud;s . associated CP. In this case four steps bring the system closest

The rapid drop arises from degrees of freedom with largdo the CP. With decreasing, the gradient and curvature of
gradients. From the INM point of view these are the highthe landscape decreases. As a result, even though a channel
Re— w modes or Im- w caused by bumps or other roughnessaround the reaction coordinate is reached in about four steps,
on the landscape. We believe the latter are the nondiffusivéhore are required for the closest approach to the CP, due to
modes eliminated by filtering. On the other handeaction  the slow quenching of small-gradient degrees of freedom.
coordinatein the vicinity of a saddle barrier, the prime can- Similarly, the distance of the system from the CP decreases,
didate for a diffusive mode, has a small gradient and an In8s measured both from the instantaneous configuration and
— w that persists for many minimization steps. The plateau igrom the reaction coordinate during minimization.
found when the large-gradient degrees of freedom have been The configurations(n) arising in minimization olJ map
minimized but little motion has yet occurred along the reacto ann-dependent CP, and after a few steps a CP different
tion coordinates. The system should be closest to a saddfeom that obtained from the original configuration is found.
after the first several steps, the number of steps for maximurhhe order of the CP to which(n) maps decreases with a
proximity being dependent on the initial gradient and curvafeature that should show up in processes that lead the system
ture along the available degrees of freedom. Since the algglown the energy landscape, as in aging dynamics of glasses
rithm is searching for a minimum it will not visit the finite- [19].
order CP adjoining a highi- configuration, and after tens or ~ The energy of a snapshot configuration always lies above
hundreds of steps it finds the IS. For the CG algorithm, wethat of the CP. Thus during minimization &f the system
expect the same trend although the choice of conjugate denergy crosses the energy of a nonzero-order CP ahthe
rections, as opposed to the direction of the gradient, will indenotedn,, which minimizesér(n); U(n,)~Ucp. Since
general keep the system farther away from the CPs. the average number of lmw appears to be governed hy

These ideas may be implemented explicitly by noting tha{6,8—10, there should be a relation betwegy{n,) and the
the CP418] are minima of the squared gradieNt:|VU|2_ averaged fraction of unstable directions at the @&, (k
We have minimizedV in liquid configurations from our MD ~ =K/3N). Figure 2 includegk(T)) along with thef ,(n) for
runs, determining the associated CP, denotedThesaddle Nn=0-6 vsT. Indeed, at thel wheren,~4, f,(4-5) and
mapping[8—10] is an extension of the IS mapping which is (k) are almost identical angk) must represer/T. A rela-
appealing af >T,. Above T, the system map8—10to a tion between(k) andD is of course implicit in the estimate
finite-order CP, belowT>T,, to the IS. ThusT, may be [8—10 of T, from (k). In Fig. 3, 0.44 timegk(T)) is plotted
estimated[8—10] by extrapolation of(K) to zero from along withD/T, with excellent agreement at the higher
above. The potential energy of a supercooled liquid exceedsitting (k(T)) givesT¥=0.47, almost identical to the results
that of the associated CP—of any order—because most afbtained fromD(T) and filtered INM’s.
the displacement away from the CP is along stable directions As T—T,, (k) falls below f (4), andthus[since D/T
of upward curvature. During minimization &f at T>T, the  ~fy;~f,(4) at all T] fails to capture thél dependence of
configurationr (n) passes by the associated CP of nonzerd/T. What then is the suitability of using) as an indicator
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of diffusion? We believe that, for this particular system, fourare almost indistinguishable. Excellent representations of
CG steps bring the system near the reaction coordinate in tHe(T) and T, are obtained with either in the supercooled
vicinity of, and higher in energy than, the CP. The additionalliquid, andD~0 is recovered in the crystal. In general there
Im— w found at the higher energy represent legitimate diffu-is nothing special about=4. If use of another algorithm
sive directions which must be counted, ahdl is not a good  with another liquid led to a fast decay lasting, e.g., seven
indicator of diffusion forT<T.. For the same reasons, it steps, presumabliy;; would be close td (7).

yields an excellent value for. itself. Removing the large gradients and bringing the system
through the region of fastest change dn;(n) prior to the
IV. DISCUSSION INM calculation is the essential operation in obtaining a

] ] ] good representation d. This corresponds to introducing
_ In-a smoothly varying one-dimensional landscape of barthe average fractiotk) of Im— o of the associated saddle at
riers and minima with a single lengthsc@teg., sing)], f, is higher supercooled, but (k) underestimate® at T<T,.
simply the probability that the system is above the inflectiontne method may be applied to any potential and we will test
points, and is obviously related @. The connection is not i for molecular and ionic liquids in future work, seeking an
straightforward, however, on theN3 dimensional, multi- |\m theory of D based upon a unified prescription for dif-

scale, rough landscape of a liquid. CG filtering works byfysive modes related to the reaction coordinates for diffu-
bringing the system away from regions of nondiffusive Im gjgn

—w by “riding” the associated large gradients. At>T,
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